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We present a gauge theory formulation of a two-dimensional quantum smectic and its relatives,
motivated by their realizations in correlated quantum matter. The description gives a unified treat-
ment of phonons and topological defects, respectively encoded in a pair of coupled gauge fields and
corresponding charges. The charges exhibit subdimensional constrained quantum dynamics and
anomalously slow highly anisotropic diffusion of disclinations inside a smectic. This approach gives
a transparent description of a multi-stage quantum melting transition of a two-dimensional com-
mensurate crystal (through an incommensurate crystal – a supersolid) into a quantum smectic, that
subsequently melts into a quantum nematic and isotropic superfluids, all in terms of a sequence of
Higgs transitions.
Introduction. A smectic state of matter, characterized
by a uniaxial spontaneous breaking of rotational and
translational symmetries is ubiquitous in classical liq-
uid crystals of highly anisotropic molecules (e.g., clas-
sic 5CB).[1] Its quantum realizations range from quan-
tum Hall smectics of a two-dimensional electron gas at
half-filled high Landau levels[2–8], and “striped” spin
and charge states of weakly doped correlated quan-
tum magnets[9, 10] to the putative Fulder-Ferrel-Larkin-
Ovchinnikov (FFLO) paired superfluids in imbalanced
degenerate atomic gases[11, 12] and spin-orbit coupled
Bose condensates.[13, 14]
A smectic can emerge from anisotropic partial
melting[15] of a two-dimensional (2D) crystal, under-
stood in terms of a Kosterlitz-Thouless (KT)-like,[16]
single-species dislocation unbinding transition. How-
ever, such a 2D smectic is unstable to thermal fluc-
tuations, driven into a nematic fluid at any nonzero
temperature.[15, 17] In contrast, at zero temperature a
2+1D quantum smectic is a stable state of matter[11,
12], whose studies have been limited to the simplest
harmonic-phonons description, typically neglecting quan-
tum effects of topological defects and of elastic nonlinear-
ities (as an exception, see e.g., Refs. 11, 12).
FIG. 1: Illustration of quantum melting of a 2D crystal into a
smectic, followed by smectic-to-nematic melting, respectively
driven by a condensation of bx and of by dislocations.
Besides intrinsic interest in the smectic and its quan-
tum melting (freezing) transition into the adjacent quan-
tum nematic (crystal), we are motivated by a re-
cently discovered duality (previously explored in other
contexts[19]) between elasticity and gapless “fracton
matter”[20–25] – exotic quantum phases that exhibit
quasi-particle excitations with restricted subdimensional
mobility. It is natural to explore whether such restricted
mobility survives inside the smectic phase.
FIG. 2: Quantum crystal-smectic duality relations and the
associated quantum melting transition.
Results. In this Letter, we study a time-reversal invari-
ant quantum smectic and transitions into it via two com-
plementary approaches, summarized in Fig.2. First, by
dualizing a quantum smectic, we derive a 2+1D coupled
U(1) vector gauge theory, with the dual Hamiltonian den-
sity,
H˜sm =1
2
κE2 +
1
2
(∇×A)2 + 1
2
Ke2
+
1
2
(∇× a− xˆ×A)2 −A · J− a · j,
(1)
supplemented by the generalized Gauss law constraints,
∇ ·E = p− e · xˆ, ∇ · e = n. (2)
The description is in terms of two coupled U(1) vec-
tor gauge fields with electric fields E and e, and corre-
sponding canonically conjugate vector potentials A and
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2a, capturing smectic’s gapless phonon degrees of free-
dom. p and J are xˆ-dipole charge and current densities,
representing yˆ-dislocations, while n and j are fractonic
charge and current densities, corresponding to disclina-
tions. The generalized gauge invariance of (1) gives cou-
pled continuity equations for the densities
∂tp+∇ · J = −j · xˆ, (3a)
∂tn+∇ · j = 0, (3b)
where dipole conservation is violated by a nonzero charge
current, j · xˆ along smectic layers.
These equations transparently encode the restricted
mobility of the charges n, with their mobility and dif-
fusion coefficient vanishing along the xˆ-directed smectic
layers, i.e., j · xˆ = 0 in the absence of dislocation dipoles.
We thus predict that disclination charges exhibit“anoma-
lous diffusion” inside the smectic phase, with anomalous
relaxation rate vanishing as
Γk = Dk
2
y + γk
4
x, (4)
as was also recently explored in Refs. 26–28.
Alternatively, we utilize the coupled U(1) vector gauge
theory dual of a 2+1D quantum crystal[25], “soften”
it into a generalized Abelian-Higgs model, and drive it
through a Higgs transition for one of the dipole species
(yˆ-dipoles for coordinate choice in Fig.1). With the lat-
ter a dual description of an anisotropic quantum melting
associated with a condensation of a single type of dis-
locations, we thereby obtain a dual gauge theory of a
quantum smectic. As required by consistency, the result-
ing model is in full agreement with the first approach of
a direct duality of a quantum smectic, as summarized by
the flow chart in Fig.2. The electrostatic limit of the dual
gauge theory efficiently reproduces the model and results
of a 2D classical smectic.[17, 18]
Because a smectic is a condensate of xˆ-dislocations,
it is necessarily accompanied by a liquid of vacancies
and interstitials. Thus, the dual gauge theory (1) is im-
plicitly understood to be coupled (via axion-like E − B,
B − E couplings) to a conventional U(1) gauge theory
with fields E ,B – a dual to a liquid of vacancies and
interstitials.[21, 22] Since vacancies and interstitials con-
sist of a pair of oppositely-charged dislocatons, a con-
densate of the latter necessarily drives a condensation of
the former, requiring a smectic to be an incommensu-
rate “super-smectic” (in contrast to a possibility of two
distinct - Mott insulating “normal” (commensurate) and
supersolid (incommensurate) crystals.[21–23]).
Smectic duality. We formulate a 2 + 1D quantum smec-
tic in terms of a phonon (layer displacement) u = u(r)yˆ
and the unit-normal (layer orientation) nˆ(r) = −xˆ sin θˆ+
yˆ cos θˆ ≡ yˆ + δnˆ field operators, and the correspond-
ing canonically conjugate linear and angular momentum
fields, pi(r) and L(r), with the Hamiltonian density,
Hsm = 1
2
pi2 +
1
2
L2 +
1
2
κ(∇u+ δnˆ)2 + 1
2
K(∇nˆ)2, (5)
where κ,K are elastic constants.
It is convenient to work with a phase-space path-
integral formulation, corresponding to the Lagrangian
density,
Lsm = pi∂tu+ L∂tθ − 1
2
pi2 − 1
2
L2 +
1
2
κ−1σ2 +
1
2
K−1τ 2
− σ · (∇u− xˆθ)− τ ·∇θ, (6)
where we neglected θ nonlinearities and took the x-axis
to be along the smectic layers. Functionally integrating
over the smooth, single-valued parts of the phonon u and
orientation θ fields, we obtain coupled constraint equa-
tions
∂tpi −∇ · σ = 0, ∂tL−∇ · τ = xˆ · σ, (7)
Newton’s laws encoding the linear and angular momenta
conservation.
As in electrodynamics, these equations (corresponding
to the analog of Faraday law) are readily solved by ex-
pressing densities in terms of gauge fields,
pi = zˆ · (∇×A) , σ = zˆ× (∂tA+∇A0), (8)
L = zˆ · (∇× a− xˆ×A) , τ = zˆ× (∂ta+∇a0 − xˆA0).
Reformulating the Lagrangian density (6) in terms of
these Goldstone-mode encoding gauge fields, we obtain
the Maxwell part of the smectic dual Lagrangian,
LsmM =
1
2κ
(∂tA+∇A0)2 − 1
2
(∇×A)2 (9)
+
1
2K
(∂ta+∇a0 −A0xˆ)2 − 1
2
(∇× a− xˆ×A)2 ,
displaying a nontrivial “minimal” coupling between the
translational and orientational gauge fields, which en-
codes semi-direct product of spatial translations and ro-
tations. The Lagrangian exhibits a generalized gauge in-
variance under transformations,
(A0,A)→ A′µ = (A0 − ∂tφ,A+∇φ) , (10a)
(a0,a)→ a′µ = (a0 − ∂tχ,a+∇χ− xˆφ) . (10b)
The six gauge field degrees of freedom Aµ, aµ reduce
to two physical ones (corresponding to coupled phonon
u and orientation θ Goldstone modes) after gauge fixing
φ, χ and implementing two Gauss law constraints (2).
To include dislocations and disclinations we allow for
the nonsingle-valued component of u and θ, respectively
defined by
p = zˆ ·∇×∇u, J = zˆ× (∇∂tu− ∂t∇u) , (11a)
n = zˆ ·∇×∇θ, j = zˆ× (∇∂tθ − ∂t∇θ) . (11b)
This together with LsmM (Aµ, aµ) gives the dual La-
grangian density for the quantum smectic,
L˜sm = LsmM (Aµ, aµ) +A · J−A0p+ a · j− a0n, (12)
3corresponding to the Hamiltonian (1) and Gauss laws (2).
Requiring this dual Lagrangian to be gauge invariant un-
der (10), immediately leads to coupled continuity equa-
tions (3) for the densities. The dipole (dislocation) con-
tinuity equation is violated by a nonzero charge (discli-
nation) current jx along smectic layers. Thus, in the ab-
sence of gapped dipoles p (yˆ-dislocations), we find jx = 0,
i.e., a motion of isolated lineon charges (disclinations) is
restricted to be transverse to the smectic layers, as mov-
ing along the layers requires xˆ-dipoles (yˆ-dislocations, a
nonlocal operation of an insertion of a half-layer of atoms,
illustrated in Fig.3) that are gapped inside the smectic
ground state.
FIG. 3: An illustration of restricted along-layers mobility of
+/− disclination (lineon) charges (making up a dislocaton
b, i.e., a dipole p) in a quantum smectic, forbidding their
separation, that corresponds to a nonlocal process of adding
a smectic half-layer per lattice constant of charge separation.
Subdiffusive dynamics. At finite densities coupled con-
tinuity equations (3) also lead to anomalous subdiffu-
sive dynamics of disclination charges. To see this, we
note that a smectic xˆ-dipole (a dislocation by, illus-
trated in Fig.3) corresponds to a separation of charges
along smectic layers and so p ∼ ∂xn. The correpond-
ing dipole current is controlled by dipole conservation
and is given by a standard Fick’s law, J = −γ∇p,
which translates to J = −γ∇∂xn, and using first dipole
equation gives charge current along smectic layers to be
jx = −∇ · J = γ∇2∂xn. In contrast there are no con-
straints on the charge current across the smectic layers,
given by the usual diffusive Ficks form, jy = −D∂yn.
Combining these together in the charge continuity equa-
tion (3b) we obtain
∂tn+ (γ∂
2
x∇2 −D∂2y)n = 0, (13)
displaying subdiffusive dynamics with iω = Γk ≈ Dk2y +
γk4x.
Quantum smectic-to-nematic Higgs transition. To access
descendant phases and corresponding quantum phase
transitions, we need to treat dislocation and disclination
defects in (12) as dynamical charges. Following a stan-
dard analysis[20, 30, 31] and focussing on dislocations, we
introduce defects core and kinetic energies (to account for
lattice-scale physics) and trace over the dipole 3-currents
Jµ = (p,J) to obtain
L˜sm = g0
2
(∂tφx −A0)2 + g cos(∇φx −A) + LsmM (Aµ, aµ),
=
J
2
|(∂µ − iAµ)ψx|2 − V (|ψx|) + LsmM (Aµ, aµ). (14)
The Lagrangian is of a relativistic form, encoding dipole
neutrality of a stress-free smectic. Above, φx is the phase
of the xˆ-dipole (yˆ-dislocation) field ψx = |ψx|eiφx , in the
first form we approximated the resulting Villain potential
by its lowest harmonic, and in the second form went to
an equivalent “soft-spin” description in terms of ψx, with
the Landau U(1)-invariant potential, V (|ψx|).
The ψx = 0 (“non-superconducting”) Coulomb phase
of this generalized Abelian-Higgs model provides a dual
description of the quantum smectic with gauge fields cap-
turing the coupled Goldstone modes (u, θ) and gapped
dual matter ψx – bound dislocations. Inside the smectic
phase the Lagrangian (14) gives an electrostatic interac-
tion U(r) between two isolated dipole charges ψx with a
Fourier transform U˜(q) = κKq2x/(κq
2
y +Kq
4
x).[12, 17, 18]
The ψx 6= 0 (“superconducting” dipole condensate)
Higgs phase, corresponds to a condensed plasma of
unbound dislocations, that gaps out the translational
gauge field Aµ, which can therefore be safely inte-
grated out. This reduces the model to a conventional
Maxwell form for the rotational gauge field aµ, with
LnemM (aµ) ≈ LsmM (Aµ ≈ 0, aµ) = 12K−1e2 − 12 (∇ × a)2,
that is a dual to the quantum xy-model of the nematic,
Lnem = 12 (∂tθ)2 − 12K(∇θ)2. Fluctuation corrections
lead to an anisotropic stiffness and subdominant higher
order gradients. As with the conventional U(1) Higgs
(normal-superconductor) transition, mean-field approxi-
mation breaks down for d+1 ≤ 4, and may be driven first-
order by translational gauge-field, Aµ fluctuations.[29]
We leave the analysis of the resulting non-mean-field crit-
icality of the quantum smectic-nematic transition for a
future study.
Quantum crystal-to-smectic Higgs transition. As sum-
marized in Fig.2, we can get to the same smectic gauge
dual (14) by starting with a gauge dual of a quantum
crystal and taking it through a Higgs transition of its
yˆ-dipole charges, which corresponds to anisotropic quan-
tum melting by a condensation of xˆ-dislocations inside
a crystal. This will generically take place in an explic-
itly anisotropic, e.g., C2-symmetric crystal, or by spon-
taneously breaking the C4-symmetry of a square lattice,
controlled by the associated Landau potential V (ψx, ψy).
To this end we utilize the dual U(1) vector gauge theory
of a quantum crystal[25]
L˜cr =
∑
k=x,y
Jk
2
|(∂µ − iAkµ)ψk|2 − V ({ψk})
+LcrM(Axµ, Ayµ, aµ), (15)
4where ψk=x,y correspond to xˆ- and yˆ-oriented dipoles (yˆ-
and xˆ-dislocations), Akµ, aµ gauge fields capture the k =
x, y phonons and bond orientational Goldstone modes,
V ({ψk}) the Landau potential, and
LcrM =
1
2
κ−1(∂tAk +∇Ak0)2 −
1
2
(∇×Ak)2 (16)
+
1
2
K−1(∂tak + ∂ka0 −Ak0)2 −
1
2
(∇× a+Aa)2
is the Maxwell part of the crystal dual Lagrangian, with
Aa = ikA
k
i .[25] The crystal-smectic partial melting tran-
sition corresponds to a condensation of one of the dipole
charges, that according to Figs.1,2 we take to be yˆ-
dipoles, ψy 6= 0. This Higgs transition gaps out Ayµ,
which then can be safely integrated out. To lowest order
it corresponds to Ayµ ≈ 0, reducing the crystal’s Maxwell
Lagrangian to that of a smectic (14), with
LsmM (Axµ, aµ) ≈ LcrM(Axµ, Ayµ ≈ 0, aµ). (17)
Vacancies and interstitials. So far, we have neglected
vacancies and interstitials. As discussed in detail in
Refs.21–23, at zero temperature two qualitatively distinct
- commensurate and incommensurate quantum crystals
can appear, respectively distinguished by Mott insulating
and superfluid vacancies and interstitials. In the former
the U(1) symmetry-enriching constraint imposes a glide-
only motion of dislocation, that is broken in the latter,
where dipole dislocation motion is unconstrained. In con-
trast, we observe that since a smectic is a condensate of
xˆ-dislocations (created by bˆ†xˆ) and vacancies and intersti-
tials (created by a†) consist of pairs of oppositely-charged
dislocations (i.e., are disclination charge quadrupoles),
the allowed coupling aˆbˆ†bbˆ
†
−b drives a condensation of va-
cancies and interstitions. Thus, a smectic is necessarily
an incommensurate “super-smectic”, and its dual gauge
theory (1) is implicitly understood to be coupled (via
axion-like E−B, B−E couplings) to a conventional U(1)
gauge theory with fields E ,B – a dual to a liquid of va-
cancies and interstitials.[21, 22]
External perturbations. Repeating the analysis in the
presence of an incommensurate substrate, we find that
it reduces the orientational sector (e,a) from a com-
pact U(1) to Zs gauge theory (coupled to a non-
compact U(1) translational sector E,A), compactifying
the corresponding flux energy 12 (∇× a− xˆ×A)2 →− cos [2pi(∇× a− xˆ×A)/s], where s is an integer char-
acterizing orientational commensurability. For s = 1, the
orientational sector is confined, reducing the model to a
conventional noncompact U(1) gauge theory of the trans-
lational sector (E,A). Latter can also get confined by
a translationally commensurate substrate, corresponding
to the gapping out of the smectic phonon.
A smectic can also be subjected to an external stress.
Unlike a crystal, there is no smectic’s resistence to a static
shear strain, ∂xu, as it corresponds to a reorientation of
the smectic order that spontaneously breaks a rotation-
ally invariant fluid. A compressive stress, σy couples to
the strain ∂yu, that in a gauge theory induces an elec-
tric field Ex across the dual “dielectric”. For σy above
a critical value, a dielectric breakdown takes place, cor-
responding to a proliferation of yˆ-dislocations under a
super-critical compressive stress.
Summary. Utilizing quantum elasticity duality[20, 25],
we presented a formulation of a quantum smectic in
terms of a fractonic vector gauge theory. It gives a uni-
fied description of phonons and topological defects and
transparently captures the subdimensional constrained
dynamics of the disclination charges, predicting their
subdiffusive hydrodynamics. The dual coupled vector
gauge theory exhibits a unifying global phase diagram
of a quantum crystal (that comes in distinct commen-
surate and incommensurate - supersolid forms), smectic,
nematic, and isotropic superfluid phases and describes
quantum phase transitions between them in terms of vari-
ous Higgs transition. The electrostatic limit of the theory
gives an efficient description and reproduces results of the
corresponding classical phase transitions.[17, 18, 22] We
expect that this dual description will be of value for more
detailed exploration of these phases and corresponding
phase transitions.
Note Added: After this work was completed we became
aware of an interesting but somewhat orthogonal work
by Gromov, and by Gromov and Moroz, where quantum
smectic also appears.[32, 33]
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